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THE ROLE OF FOURIER SERIES IN 
THE DEVELOPMENT OF ANALYSIS 
BY ANTON1 ZYGMUND, UNIVERSITY OF CHICAGO 
It is well-known that the definition of function generally 
accepted today appeared first in Dirichlet’s fundamental memoir 
on the convergence of Fourier series. Also, that Riemann’s 
theory of integration was developed in his memoir on trigono- 
metric series. [a. -- Ed.] Somewhat less well-known is the fact 
that Cantor created the theory of sets (“Mengenlehre”) in his 
attempts to solve the (still unsolved) problem of the structure 
of so-called “sets of uniqueness” for trigonometric series: 
x C (0,2x) such that if a trigonometric series converges to 0 
in the complement of x then the series vanishes identically. 
Moreover , it was his attempts to construct larger and larger 
sets of uniqueness that led Cantor to the philosophically 
pregnant notions of transfinite induction and transfinite numbers, 
and also to the distinction between countable and uncountable 
infinity, one of the most basic discoveries in Analysis. 
Unlike the Riemann integral, the Lebesgue integral did not 
arise via the theory of Fourier series but was created through 
the necessities of measuring geometric figures. But once it 
was introduced, it had an enormous impact on Analysis through 
Fourier series. Thus: 
(a) The Riesz-Fischer theorem, in its initial formulation 
primarily a theorem on Fourier series, shows the great significance 
of the Lebesgue integral and is at the same time a new starting 
point for functional analysis. 
(b) The M. Riesz interpolation theorem, primarily a method 
of proving the Hausdorff-Young theorem on Fourier coefficients, 
has acquired significance and importance far transcending the 
initial application and has become one of the central theorems 
of functional analysis. The theory of Fourier series is also 
the birthplace of the notion of weak integrability and of the 
Marcinkiewicz theorem on the interpolation of operations. [E37, 
Chap. 12 E33, p. 177.1 
(c) Structure of sets of measure 0. The initial (and rather 
primitive) point of view that all such sets are “negligible” had 
to be abandonned, primarily through the discovery of sets of 
uniqueness and multiplicity for trigonometric series. Thus that 
there exist perfect sets of measure 0 which are sets of multiplicity 
(i.e., the convergence of a trigonometric series to 0 outside 
such a set does not necessarily imply the identical vanishing 
of the series) is a fundamental result of D. Menchov (1916) and 
may be considered a starting point of the modern theory of 
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trigonometric series. That there are perfect sets of measure 0 
which are sets of uniqueness (Cantor’s ternary set being one of 
then) was established by Rajchman in 1922. The problems here 
have close connection with the theory of numbers in its 
Diophantine aspects. For details see [E37, vol. 1, p. 3441. 
The process of investigation here has only started and the end 
is not in sight. 
(d) The theory of trigonometric series has become a workshop 
of new methods in analysis, a place where new methods are first 
discovered before they are generalized and applied in other 
contexts. This is the place where we first study tests for 
convergence and summability of series. As a matter of fact, the 
modern theory of summability of series had its source primarily 
in harmonic analysis, the importance of this point of view having 
been documented by the theorem of FejQr. Let me mention two 
theorems, initially introduced for the needs of Fourier series, 
which are basic for the theory of representation of functions. 
One is the classical theorem about the Lebesgue points of a 
function. The other, much less known but also very important, 
is the following theorem of Marcinkiewicz: If f(x)cL(Rn), P 
iS a closed set in Rn, and 6(x) = distance from x to P, then 
for any c1 > 0 
I [f(Y)sa(Y,/lz-Yl 
Rn 
"+"]dy 
converges at almost all points of P. 
This theorem is central for the theory of singular integrals 
which has many applications to contemporary problems. 
The starting point here is the notion of the Hilbert transform 
Of a function f(x), - m < x < + m. It is usually denoted by 
2 (xl and defined by the formula 
2(x) = $ 1 [f&)/(x-y)]dy = E l&m0 + L 
-co 
'II x;E) [f(y)/fx-y)ldy 
where X(E) is the set Ix-y/ > E (i.e., the Cauchy principal value 
of the improper integral is taken). That 2 exists almost every- 
where if f E LP(-~, +m) and 1 2 p < m, was proved by Privalov 
in 1918. The fact that if 1 < p < =J, then 2! is also in LP(-", +m) 
and we have Il>lt, 5 ~pljfjl 
P 
was established a few years later 
by M. Riesz, and is basic for the whole theory (for the literature, 
see the two books quoted above). The last inequality fails for 
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p = 1: if f  is in L, 1! need not be even locally integrable, but 
has a somewhat weaker property, usually called weak integrability, 
which has become one of the important notions in analysis 
(especially in the theory of interpolation of operations). 
Hilbert transforms naturally arise in connection with analytic 
functions of a single complex variable (more specifically, in 
connection with Cauchy’s integral) and it is not immediately 
obvious how to define them for functions f(x) = f  (xl,. . . , xn) of 
n real variables. The definition which follows is due to Giraud 
(middle ‘thirties) : 
2(x) = J 
Rn 
f&lK(x-yf dy 
where y = (y,, . . . , y,) , dy = dyl.. .dyn and K(xj is, roughly 
speaking, any function homogeneous of degree -n and having mean 
value 0 over the surface 1x1 = 1 of the unit sphere. In the case 
n = 1 we have K(x) = l/x. For n > 1, an especially important 
role is played by the kernels Kj(x) = x j / IxJn+‘, fj = 1,2,...,n) 
(Ries z transforms). As in the case n = 1, the integral in (*) 
is defined as the Cauchy principal value E’~O / of the 
X(E) 
Lebesgue integral. 
That (under very mild restrictions on K which need not be 
stated here) 2 exists almost everywhere if f E Lp, 1 < p < m, 
and satisfies an inequality [l?l[, ( Ap,Kljf(Ip if p is strictly 
greater than 1, is the central result here, but the proofs 
require methods different from those for the case n = 1. The 
first general results were obtained by A.P. CalderBn and A. 
Zygmund , around 1950, but some special results had been obtained 
a little earlier by M. Riesz (for Riesz transforms) and Mikhlin. 
The theory and its subsequent extension is an important tool for 
problems of partial differential equations. 
(e) The theory of Fourier series gave a fresh impulse to 
problems of the differentiability of functions. It was in the 
context of this theory that new definitions of differentiability 
were first introduced (it suffices to mention the notion of the 
Riemann-Schwarz second derivative, the first symmetric derivative 
and later derivatives in L'), The problems of the equivalence 
of definitions are many and difficult. Some of those definitions 
have genuine value: witness the fact that (unlike the case of 
rectifiable curves) rectifiable surfaces may have no tangent 
plane at any point, but they become differentiable almost 
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everywhere as soon as we apply the notion of derivatives in L2. 
[E32, lot. cit.] 
(f) In this connection, we note that although the Lebesgue 
integral is one of the most important notions of contemporary 
analysis, it does not suffice in certain problems. Thus the 
exact derivative of an arbitrary continuous function, even if 
it is finite everywhere, need not be Lebesgue integrable (unless 
the function being differentiated is absolutely continuous). 
Therefore, Lebesgue’s theory of integrations fails to give the 
primitive in the general case; the required generalizations are 
usually associated with the names of Perron and Dcnjoy. [b. -- 
Ed.] Likewise, the sum of an everywhere convergent trigono- 
metric series need not be Lebesgue integrable, and if we want 
to have the classical Fourier-Euler formulas in this case, we 
must generalize the Lebesgue integral further. There are a 
number of such generalizations (“trigonometric integrals”), but 
the theory is only in its beginnings. For results, see [E37, 
vol. 2, p. 831. 
NOTES 
(a)[E26, pp. 227-65.1 In this celebrated memoir, Riemann 
reviewed the previous history of Fourier series. See also 
Burkhardt’s article in [13, 11.1.121 For later developments 
concerning Fourier series and the Fourier integral until about 
1900, see [ES, Chap. 5.1 -- Ed.] 
(b)[E30] These generalizations are, like the improper Riemann 
integral which they include as a special case, limited to 
functions of one variable. Moreover Riemann’s criticism of the 
Cauchy principal value applies in all cases. -- Ed.] 
